We study the impact of impurities on turbulence driven intrinsic rotation (via residual stress) in the context of the quasi-linear theory. A two-fluid formulation for main and impurity ions is employed to study ion temperature gradient modes in sheared slab geometry modified by the presence of impurities. An effective form of the parallel Reynolds stress is derived in the center of mass frame of a coupled main ion-impurity system. Analyses show that the contents and the radial profile of impurities have a strong influence on the residual stress. In particular, an impurity profile aligned with that of main ions is shown to cause a considerable reduction of the residual stress, which may lead to the reduction of turbulence driven intrinsic rotation.
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I. INTRODUCTION
The presence of a certain amount of impurities is, in some sense, an inevitable consequence of tokamak plasma operation. The contents and the radial profile of the dominant impurity species depend on the details of discharge conditions, plasma-wall interaction, and the physical process of impurity transport. In tokamaks, the material constituting plasma facing components (PFCs), for instance, carbon in DIII-D 1 and KSTAR 2 , or tungsten in ASDEX-U 3 , JET 4 and ITER 5 , is usually observed as a dominant impurity species. In addition to impurities originating from the surrounding PFCs, a considerable amount of helium ash will be present in ITER or fusion reactors as a result of fusion reaction 6, 7 .
Studies of impurity transport in tokamaks have usually focused on the determination of impurity profiles (e.g. the impurity peaking factor) from either neoclassical [8] [9] [10] or turbulent mechanisms 11, 12 . The main goal of this endeavour is to predict the degree of impurity accumulation for a given set of discharge parameters to avoid deleterious effect from impurity accumulation. Turbulent transport of impurities, which has been a subject of an extensive study in fusion plasma physics for decades [11] [12] [13] [14] [15] [16] [17] is rekindling interest in this regard since recent experimental evidence has shown the importance of the turbulent transport process in determining the core impurity profile 18 .
When impurity concentration is sufficiently low, one may treat the impurities as passive reactants to background turbulence. In this case, the so-called trace approximation has been used to study turbulent impurity transport 12, 19 . If impurity concentration is considerable, however, they start to affect microinstability [13] [14] [15] [16] and the trace approximation becomes invalid, as pointed out by Fülöp and Nordman 20 . Most notably, the alignment of a impurity profile with that of main ions has been known to yield a significant change of stability of the ion temperature gradient (ITG) mode, sometimes leading to the destabilization of an independent impurity drift mode 16, 21 Our interest in this paper lies in the study of the impact of impurities on turbulent momentum transport, in particular, the generation of intrinsic rotation via residual stress 22, 23 .
We note that few results are available in this aspect, given a lot of published papers on turbulent impurity transport in tokamaks. Intrinsic rotation in magnetic fusion plasmas is thought to be generated through the conversion of radial inhomogeneity into k || (= spectrally averaged wavenumber in parallel direction) asymmetry via residual stress. This conversion process requires some symmetry breaking mechanism 24-28 . An early paper calculated the particle flux in the presence of combined ITG, impurity and parallel velocity gradients, but not addressed the turbulent residual stress giving rise to intrinsic rotation 16 .
The purpose of this study is to provide a simple physics insight into which how turbulence driven residual stress is related to the characteristics of impurities. Intuitively, one may expect that the change of stability and characteristics of an unstable mode structure in the presence of a considerable amount of impurities will alter the turbulent residual stress. This effect may change the amount of intrinsic torque anticipated in toakamak experiments. Since intrinsic rotation is envisioned to provide necessary plasma rotation in reactor-relevant tokamak experiments, including ITER, because of the limited capability of driving the necessary torque in a reactor by neutral beam injection, it is of importance to conduct a sufficiently detailed study of this effect.
To address the problem mentioned above, we employ a set two fluid equations for main and impurity ions. By treating impurities as a separate species satisfying impurity fluid equations, we can incorporate the effects of impurities on the characteristics of the ITG mode self-consistently. For simplicity, we adopt the sheared slab geometry. By avoiding the complication in analysis due to the sophisticated toroidal geometry, we focus on the basic physics of the impurity effect on residual stress in the presence of impurity-modified ITG turbulence. Analyses show that the relative importance of residual stress to the diffusive momentum flux is reduced when the gradient of impurity and main ions has the same sign.
This indicates a possible decrease of intrinsic rotation when a considerable amount of corepeaked impurity is present.
The remainder of the paper is organized as follows. In Sec. II, we describe the basic formulation. A derivation is given of a linear dispersion relation and an eigenmode equation
for ITG modes using two fluid equations for ions and impurities. In Sec. III, we perform a numerical analysis to evaluate eigenmode structures of unstable modes. A detailed study of the change of eigenmode characteristics, such as the variation of the mode shift off the rational surface, is made in this section. Section IV is devoted to the quasi-linear calculations of momentum flux. After introducing some underlying assumptions made in this study, we calculate turbulent parallel Reynolds stress (both diffusive and residual stresses) in the context of the quasi-linear analysis. A particular emphasis is placed on the evaluation of the ratio of residual stress to diffusive one, which ameliorates the limitation of the quasi-linear theory. Possible implications of the results will be discussed in this section. We conclude this paper in Sec. V with a brief summary of main results and some discussions.
II. FORMULATION
We begin with a set of two fluid equations for main and impurity ions consisting of the conservation of density (n j ), parallel momentum density (m j n j v j ), and pressure P j ,
where the subscript j = i (Z) denotes the main (impurity) ions, φ is the electrostatic potential fluctuation, and Γ is the adiabatic index. The fluid velocity is decomposed into
ne = −∇n 0 /n 0 the equilibrium density scale length, c s = T e0 /m i (T e0 : equilibrium electron temperature), and ρ s = c s /Ω i the ion-acoustic Larmor radius. Also, various dimensionless parameters are
We consider perturbations of the form f = f k (x) exp (ik y y + ik z z − iωt), where ω is normalized to c s /L n . Then, one can calculate ion and impurity density fluctuations from Eqs. (2a) to (2f),
and Ions, impurities, and electrons are coupled through the quasi-neutrality condition, n ek =
is the fraction of impurity under consideration.
Assuming the adiabatic electron response, n ek = φ k , one can derive, after a little algebra,
where
with the definitions
Equation (4) represents a complete potential function for the ITG eigenmode modified by the presence of impurities whose fraction is f Z . Following Singh et. al., 28 , we assume that the mode frequency is much higher than the equilibrium shearing rate and the ion acoustic wave frequency, i.e., ω 2 k 2 τ i Γ and ω k yV E0 . We further assume that the equilibrium ion and impurity velocity profiles are equal,V 0 i =V 0 Z =V 0 . Under these assumptions, Eq. (4) is reduced to
tion (5) Solutions to Eq. (3) are well-known Hermite polynomials. To make an analytical progress, we consider the most dominant zeroth order Hermite polynomial. Then, the eigenfunction becomes
is the shift of the mode from the mode rational surface,
is the width of the mode, and We plug Eq. (6) into Eq. (3) and evaluate the resulting relation,
which converts into the following dispersion relation,
where D = (βω + k y B)/(αω + k y A). One can rearrange Eq. (10) to obtain
It is an easy task to show that Eq. (11) recovers the dispersion relation without impurities
Equation (11) is the desired equation to be analysed in this paper. It has been known that the radial profile of an impurity has a significant influence on ITG stability [13] [14] [15] 21 . In the case of a wall-peaked impurity profile schematically shown in Fig. 1 (red dotted line), the ITG mode is destabilized while the core-peaked one (green dashed line in Fig. 1 ), stabilizes it. Therefore, before performing a detailed numerical analysis, it is instructive to examine if Eq. (11) recovers these known results. To make the analysis simple, we first consider Eq. (11) in the slow mode (i.e., the long wavelength) limit 27, 29 which is characterized by the relation |k 2 y A| 1. We further assume thatV E0 =V 0 = 0, and s 1. Then, one obtains a purely growing mode with the growth rate,
where the relation
is used from the quasi-neutrality condition.
From Eq. (12), one can see that the mode becomes stabilized when L eZ > 0 (i.e., the corepeaked case), while it is destabilized when L eZ < 0 (i.e., the wall-peaked case). In slab ITG modes, this can be interpreted by an effective reduction or enhancement of negative compressibility due to impurity inertia. We now consider the other limit where the relation |1 − k 2 y A| ≤ s 1 holds, i.e., the fast mode limit. In this limit, the fastest growing mode occurs at k 2 y = A −1 , giving rise to the dispersion relation,
Again, the mode becomes stabilized (destabilized) when L eZ > 0 (L eZ < 0) due to the Deuterium is assumed to be the main ion species. Plasma parameters being used are as f Z increases. An interesting observation is that there is asymmetry in the stabilization and destabilization by impurities for a fixed f Z value, as can be seen in Fig. 3(b) . Thus, a heavy impurity with a core-peaked profile has a stronger stabilizing influence compared to the lighter impurity, while the destabilization effect due to it with a wall-peaked profile is weaker than that of the latter.
III. EIGENMODE ANALYSIS
Of particular interest in this paper is the strength of the mode shift (X 0 ) given in Eq. (7). This is because X 0 driven by the E × B shear is an essential quantity in the calculation of residual stress 24,25,27,28 , hence the intrinsic rotation, in the quasi-linear theory. respectively. Unlike the growth rate, |X 0 | always decreases as f Z increases, regardless of the impurity profile shape. The decrease of X 0 can be seen more clearly in the core-peaked impurity profile which exhibits a significant reduction of |X 0 | when f Z increases. The impurity effect on X 0 is not considerable for a wall-peaked profile with a moderate dilution of a plasma, i.e.,, when f Z < 0.2. A core-peaked profile, however, will result in large reduction of X 0 , which eventually leads to a significant decrease of residual stress. This is a subject for the next section.
IV. MOMENTUM FLUX AND RESIDUAL STRESS
In this section, we calculate the parallel Reynolds stress in the presence of a small fraction of impurity ions. To begin, we add parallel force balance equations for ions and impurities, Eqs. (2b) and (2e), respectively, and take an ensemble average of the resulting equation to 
In Eq. (13), A represents the ensemble average of a quantity A. In this study, we define an effective fluid velocity as In this study, we do not take the turbulence acceleration effect into account, focusing ourselves on the residual stress due to the symmetry breaking by the E × B shear. Also, we assume that the equilibrium flow velocities of main ions and impurities under consideration is equal,
This assumption is strictly valid at the edge region of a tokamak plasma with sufficiently high collisionality. We keep this assumption in this study by taking notice of the validity of our analysis. Then, Eq. (13) is simplified into the form,
where Π eff r is the effective parallel Reynolds stress of the coupled ion-impurity system. One can write Π 
is the turbulent ion (impurity) momentum diffusivity, and Π i res (Π Z res ) is the residual stress whose radial gradient brings about the intrinsic torque. The physical origin for the appearance ofM is obvious. Since we assume an equal flow velocity for main ions and impurities, the turbulence driven intrinsic torque is distributed between them according to their inertia. This effect is represented byM in Eqs. (16) and (17) .
To complete the derivation, we need to evaluate the momentum diffusivities and parallel residual stress terms. It is straightforward to calculate them to obtain
where when they have the same sign (solid lines). For example, the reduction in R as f Z changes from 0 to 0.15 is 9.6% and 16.6% for He 2+ and C 6+ cases, respectively. For a same absolute value of L eZ , the decrease rate of R when L eZ > 0 is larger than the increase rate when L eZ < 0. Figure 6 highlights the impact of the profile alignment on R for a fixed value of f Z = 0.3. The cyan dotted line in Fig. 6 represents the R value when f Z = 0. It shows a considerable reduction from its reference value (dotted line) as L ne /L nZ increases.
To understand the results in Figs. 5 and 6, we evaluate R for a fixed equilibrium velocity gradient and a k y value corresponding to the most unstable mode. Using the quasi-neutrality condition, Eq. (17) becomes
where (21), one can easily show that
where R ky denotes an ensemble averaged value of R for a fixed k y .
From the examination of Eq. (25), one can see that impurities affect R through four ways:
(1) the mode shift which is contained in k /k y , (2) impurity contents (f Z ), (3) stability change by the change of the sign of L eZ , (4) the radial inhomogeneity of a impurity profile represented by K Z , i.e., the direct impurity effect to the residual stress.
All the first three effects turn out to be important in the determination of R. Among them, the mode shift, which is presented in Fig. 4 , is found to be the most crucial factor determining the amount of residual stress by the variation of L eZ . The last term in Eq. (25) represents a driving term to the residual stress solely from the free energy of impurities, i.e., the radial inhomogeneity of an impurity profile. Positive L eZ makes the last term of Eq. (25) negative since L ei > 0 in nominal tokamak discharges and ω r < 0. Thus, this term can further reduce R ky combined with a strong reduction of |X 0 | when L eZ > 0. However, the effect of this term is marginal for cold impurity ions or high Z impurities like W 46+ expected in machines with full tungsten PFCs 18 . However, this term may play a role in R when fusion-born helium ashes are present because of their small charge number and natural tendency to align with main ions. Thus, results in this section might raise a potential concern to ITER operation where a significant amount of plasma rotation is envisioned to be produced via intrinsic rotation.
V. SUMMARY AND CONCLUSIONS
In conclusion, this paper has shown that impurities may change the amount of intrinsic rotation by affecting the residual stress driven by turbulence. To make an analytic study, we employed a two fluid model for ions and impurities for ITG turbulence in sheared slab geometry. The ion and impurity velocities are assumed to be equal, which is strictly valid in the collisional regime. Then, we evaluated the momentum diffusivity and the residual stress in a coupled main ion-impurity system. The principal findings of this paper are summarized as follows:
• Characteristics of ITG modes, such as the growth rate or the mode structure, changes significantly by the variation of impurities contents and/or the alignment of an impurity profile with that of main ions. Quasi-linear calculations show that these changes result in a considerable change of turbulence driven residual stress, hence the amount of intrinsic rotation.
• The ratio of residual stress (Π res ) to the diffusive momentum flux (
can be used as a quantitative measure of relative importance of Π res over Π D .
• For a core-peaked impurity profile shown in Fig. 1(a) schematically, R decreases due to the stabilization and a large increase of the mode shift of the unstable mode. For a wall-peaked impurity profile shown in Fig. 1(b) schematically, R increases a little implying the predominance of Π res over Π D . The degree of the enhancement of R when L eZ < 0 is smaller than that of reduction when L eZ < 0 for a given impurity content.
As a possible implication of the present study, we pointed out that the amount of intrinsic rotation in burning plasma experiments might be reduced. This is due to the presence of He 2+ ashes which is likely to be aligned with the main ion profile. For example, approximately ∼ 10% of intrinsic rotation loss is expected if we assume the presence of He 2+ ions with f Z = 0.15 well-aligned with a main ion profile. Such a well-aligned impurity profile is also possible in present day devices, as shown in recent experiments in KSTAR 2 , due to the prevalence of turbulent impurity transport. We note that this may cause the decoupling of the ion temperature and the toroidal rotation profiles, which has been observed in recent KSTAR H-mode experiments 34 . When L eZ > 0, the reduction of residual stress will be larger than that of the diffusive momentum flux. Since the intrinsic torque is believed to be maximized near the pedestal top region as shown in recent flux-driven gyrofluid simulations 35, 36 , the reduction of the residual stress due to impurities will result in the reduction of a net intrinsic torque. This will reduce the total amount of toroidal rotation when an edge pedestal build up. To confirm this scenario, measurements of a rotation profile for a varying impurity contents is necessary. This is left as a future investigation.
As an extension of the present study, we plan to perform a gyrokinetic analysis including impurities. Nonlinear gyrokinetic or gyrofluid simulations are also planned to elucidate the nonlinear physical process of intrinsic rotation generation and saturation in the presence of impurities. These will be outstanding research subjects which will be published in the future. 
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